Abstract. Let Fq denote the nite eld of order q = p r , p a prime and r a positive integer, and let f(x) and g(x) denote monic polynomials in Fq x] of degrees m and n respectively. Brawley and Carlitz 1] introduce a general notion of root-based polynomial composition which they call the composed product and denote by f g. They prove that f g is irreducible over Fq if and only if f and g are irreducible with gcd(m; n) = 1. In this paper, we extend Brawley and Carlitz's work by examining polynomials which are composed products of irreducibles of non-coprime degrees. We give an upper bound on the number of distinct factors of f g, and we determine the possible degrees that the factors of f g can assume. We also determine when the bound on the number of factors of f g is met.
Introduction
Let F q denote the nite eld of order q = p r , p a prime and r a positive integer, and let f(x) and g(x) denote monic polynomials in F where the -products are over all roots of f and of g. It is clear that deg f g = (deg f)(deg g), and it is also clear that when G = ? q and is the usual addition (respectively, the usual multiplication) on ? q , then (1.4) becomes (1.1) (respectively (1.2)).
While the roots of f and g are in G and not necessarily in F q , it is easy to prove that (1.3) implies that the composed product (1.4) has its coe cients in (1.5)
We examine the factorization of f g when the degrees of the irreducibles f and g are not coprime. In Section 2, we give an upper bound on the number of distinct factors of f g, and in Section 3 we determine the possible degrees that the factors of f g can assume. In Section 4, we give conditions under which the bound of Section 2 is met, and specialize to f g and f g.
Throughout the paper, (G; ) denotes a -invariant group satisfying (1.3), f, g 2 M G q; x] denote irreducibles of degrees m and n respectively and with roots and respectively, d = gcd(m; n), and h = lcm(m; n).
A Bound on the Number of Factors of f g
Another way to state the result of Theorem 1.1 is that if the degrees of the irreducibles f, g 2 M G q; x] are coprime, then the factorization of their composed product yields one irreducible factor of multiplicity one. Thus, the following generalization of Theorem 1.1. We now determine when f g has an irreducible factor of degree strictly dividing the least common multiple of the degrees of f and g. To do this, we de ne a polynomial whose roots are group inverses of the roots of a given irreducible. One question to ask is whether f and g can be determined easily. If (G; ) is a subgroup of either the additive group (? q ; +) or the multiplicative group (? q ; ), the answer is yes. In particular, let (G; ) be a subgroup of (? q ; +) and set f( Example 3.6. Let (G; ) be a subgroup of (? 3 ; +), and consider the irreducibles f, g 2 M G 3; x] given by f(x) = x 15 + x 13 + x 12 + x 11 + 2x 10 + 2x 7 + x 6 +2x 5 +2x 2 +2x+1 and g(x) = x 10 +2x 9 +x 8 +x 7 +2x 5 +x 4 +2x 3 +x 2 +x+2.
When we compute f f and g g 2], we nd that these composed sums share the irreducible factors x 5 + 2x + 2, x 5 + 2x 3 + 2x 2 + x + 1, x 5 + 2x 3 + x 2 + x + 2, and x 5 + 2x + 1. So by Theorem 3.5, f g has at least one irreducible factor of degree strictly dividing lcm(10; 15) = 30. We compute f g with the result being a composed sum of degree 150 which has 5 distinct irreducible factors, 4 of degree 30 and one of degree 6.
Determining When the Bound of Theorem 2.1 Is Tight
A natural question to ask is whether it is possible for a given composed product's factorization to have fewer than the maximum possible number of distinct factors. In terms of the factorization given in the proof of To prove Lemma 4.5, we require the following standard number-theoretic result. The proof of Lemma 4.6, which we will not give, is accomplished by induction on the value of . Lemma Hence by Theorem 4.9, , 2 ? 3 must have degrees dividing 45 and 9 respectively. We select a factor f(x) = x 15 + x 13 + x 12 + x 11 + 2x 10 + 2x 9 + 2x 7 + 2x 5 + 2x 4 + x 3 + x 2 + 2x + 1 from v 2 and a factor g(x) = x 9 + 2x 6 + 2x 4 5. An Open Problem of degrees m and n respectively such that the number of distinct irreducible factors in the factorization of f g is r? As we saw in Examples 4.8 and 4.10, it is possible for composed products of irreducibles of non-coprime degrees to have potentially far fewer than the maximum possible number of distinct factors.
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